Abstract. We construct noncommutative or 'quantum' Riemannian geometry on the integers Z as a 1D lattice line ⋯ • i−1 − • i − • i+1 ⋯ with its natural 2-dimensional differential structure and metric given by arbitrary non-zero edge square-lengths • i a i − • i+1 . We find for general metrics a unique * -preserving quantum Levi-Civita connection, which is flat if and only if a i are a geometric progression where the ratios ρ i = a i+1 a i are constant. More generally, we compute the Ricci tensor for the natural antisymmetric lift of the volume 2-form and find that the quantum Einstein-Hilbert action up to a total divergence is − 1 2 ∑ ρ∆ρ where (∆ρ) i = ρ i+1 + ρ i−1 − 2ρ i is the standard discrete Laplacian. We take a first look at some issues for quantum gravity on the lattice line. We also examine 1 + 0 dimensional scalar quantum theory with mass m and the lattice line as discrete time. As an application, we compute the discrete time Hawking effect for a step function jump in the metric by a factor ρ, finding that an initial vacuum state has at later times an occupancy ⟨N ⟩ = (1− √ ρ) 2 (4 √ ρ) in the continuum limit, independently of the frequency.
Introduction
The idea that our concept of spacetime should be modified as we approach the Planck scale is now widely accepted, though how precisely to do it is not clear. One popular idea is that spacetime coordinates should be become noncommutative as an expression of quantum gravity corrections, see [23, 15, 16, 8] and our recent work [19] for some of the background to this 'quantum spacetime hypothesis'. By now there are also several approaches as to how this might be done, such as the 'Dirac operator' (spectral triple) approach of Connes [7] and, which is the one we use, a constructive approach starting with an abstractly defined 'bimodule' Ω 1 of 1-forms on the possibly noncommutative coordinate algebra, e.g. [11, 21, 3, 5, 17, 6] . We refer to [18] for an introduction. Some physically interesting models in this bimodule approach were in [4] [20] .
Another widespread idea for Planck scale spacetime is that there should be some form of discretisation, which again can be done in different ways. The most basic would be to replace spacetime by a lattice or perhaps by a graph and use the methods of discrete geometry in line with lattice field theory and lattice gauge theory. There are also more sophisticated methods such as dynamical triangulations [1] and causal set models [22] . At least the basic graph approach can be seen as quantum Riemannian geometry [17, 19] as we explain briefly in the preliminary Section 2.
Here the algebra of functions on a discrete set is commutative but the differential forms Ω 1 are defined by the graph edges and do not commute with functions.
Although the formalism has been around for a few years now, a downside of the bimodule approach is that the construction of a quantum Levi-Civita connection (QLC) for a chosen quantum metric involves a nonlinear (quadratic) condition which can be solved in individual cases but is hard to solve uniformly across a significant moduli of metrics. This was achieved recently for the square graph, cf [19] , and in the present paper our main result at a geometric level is in Section 3 to achieve the same for the integers regarded as a line graph. Quantum metrics themselves are easy to describe for a graph calculus, namely the data is just a 'square length' associated to each edge much as in most ideas for lattice approximations. In our case it means real non-zero numbers a i associated to each edge • i − • i+1 of the integer line. Where we part company, however, with conventional discrete or lattice geometry is the concept of a QLC and hence of curvature, geometric Laplacians (which need not be the usual graph Laplacian) etc. needed for a full picture of quantum Riemannian geometry. This includes an approach to (but not a completely canonical construction of) the Ricci scalar and hence to the EinsteinHilbert action.
We find for a general metric on a line graph a unique QLC that is * -preserving. Moreover, this QLC has curvature as soon as the ratios ρ i = a i+1 a i of squareedge-lengths are not constant (a kind of double-derivative of the metric). The reader may wonder how it is possible here that a discrete line could have curvature.
The reason is that in fact the intrinsic differential structure of a line is not 1-dimensional. Indeed, on any graph the number of edges from a node determines the independent directions of travel and for a regular graph the dimension of the cotangent bundle [17] . For a line graph there are two directions, up or down in the integer label. There is an associated basis of left-invariant vector fields with respect to the addition structure of Z, namely
where R ± are the left and right shift operators. These are related by ∂ − = −R − ∂ + so in the continuum limit where we can ignore a single shift, we end up with ∂ − = −∂ + , and only one independent direction for the tangent to a line. However, this is an artefact of the limiting process and more correctly the ∂ ± are related but nevertheless independent over the coordinate algebra (the corresponding left-invariant 1-forms e ± form a global basis of Ω 1 ). We take the 1-forms e ± to anticommute which implies that Ω 2 is the top degree and is 1-dimensional over the algebra. Thus the intrinsic differential structure of Z as a line graph is most naturally like that of a '2-manifold'. In effect, the line is thickenned by the discretisation and this is expressed in the quantum geometry.
After solving the quantum geometry as above, we are then in position to explore a little physics. Here the lattice will be time, so we take a 1+0-dimensional spacetime point of view. Thus, space is just one point which we do not need to refer to, and functions on spacetime just depend on our discrete time i ∈ Z. Because the quantum geometry of Z is naturally 2D, we can have interesting gravity and even quantum gravity. Section 3.3 takes a first look at this, namely the Einstein-Hilbert action and some issues for its functional integral quantisation (which we do not attempt here). The action turns out to be given by the discrete Laplacian on ρ i regarded as a positive-valued scalar field. Section 4 instead looks in detail at the easier case of functional integral quantisation of scalar field theory on Z of mass m. The flat case where a i = a, a constant, is surely not fundamentally new but we give our own take on it including 2-point correlation functions
for i < j and for the theory restricted to an interval 0, ⋯, n − 1 in Z, where
) and B k is the Cartan matrix of SU k+1 . Here 1 √ D k is the partition function for the scalar field theory restricted to an interval of size k. In fact, the D k extend to all real k even though they lose their determinant interpretation when k is not a positive integer, but the formulae then do depend on whether am It is not clear if there is physics in the other 'deep discrete' phase but if there is then there would appear to be a phase transition at am 2 = 4. The continuum phase by contrast is largely similar to the correlators one expects for a Hamiltonian quantisation of the continuum theory 1 + 0 theory [9] but with an effective mass m 0 different from m due to the discretisation. This is such that sin(m 0 √ a 2) = m √ a 2 in line with indications in other situations such as [2, 12] if we take √ a of order the Planck length.
We then turn to scalar field theory on a general curved metric background, defined by the geometric Laplacian associated to the QLC. Using this, we consider wave propagation through a time interval 0, ⋯, n − 1 when the metric fluctuates, with the metric constant and before and after. We illustrate the method on the case of a step function, where the metric jumps from a constant a to a constant b, and a 'bump' where it then immediately jumps back to a. In both cases we do a preliminary calculation of a kind of 'Hawking effect' due to this metric change in which the vacuum seen by observers before the metric change has an occupation number ⟨N ⟩ as seen by later observers. This is not thermal Bekenstein-Hawking radiation in that the effect in the continuum limit a → 0 will be independent of the mass-frequency and of the shape of the step. These calculations are plausible but ad-hoc in so far as we will use conventional Hamiltonian quantisation to treat the discrete quantum theory rather than a systematic general framework. We also normalise the in and out waves by requiring unitarity of the Bogoliubov transformation rather than by more geometric arguments. Our results do, however, provide a proof of concept as well as a new 'curved time' point of view of the time-dependent harmonic oscillator. Although the latter in the continuum has been extensively studied since the early works [13, 14] , our geometric point of view does not appear to have been considered before. The paper ends with some concluding remarks.
Preliminaries: quantum geometric formalism
An introduction to the formalism of the constructive 'bottom up' approach to quantum Riemannian geometry [3, 4, 5, 6, 17, 20] that we will use is in [18] and in our recent work [19] , so here we will say just enough to be self-contained. We will only need the case of graphs from [17] and moreover only the discrete group case. It is important, however, that our constructions are not ad-hoc to the extent possible but part of a general framework that equally well specialises to classical Riemannian geometry and many other cases of interest.
The general theory is based on an algebra A of 'functions on spacetime' which could be noncommutative but which in our case will be the commutative algebra C(X) of complex functions on a discrete set X with pointwise product. We next need a 'differential structure' in the form of an A−A bimodule Ω 1 of '1-forms'. A bimodule just means that we can associatively multiply 1-forms by functions from the left or the right. We also need an 'exterior derivative' d ∶ A → Ω 1 obeying the Leibniz rule with respect to these left and right products. In our case this data amounts to a directed graph with vertex set X and Ω 1 a vector space with basis ω x→y labelled by arrows of the graph. The bimodule and exterior derivative structures are
We will be interested in the case where the graph is bidirected i.e. for every arrow x → y there is an arrow y → x. In other words the data is just a usual undirected graph which we understand as arrows both ways in the above formulae. A metric is a tensor g ∈ Ω
1
⊗ A Ω 1 which is nondegenerate in a certain sense. In our case of a graph calculus it amounts to
for nonzero weights g x→y for every edge. There are two different notions of symmetry for the metric, one is functorial i.e. works for any algebra with calculus once we have extended Ω 1 to higher forms Ω generated by Ω 1 and A and with d extended by the super-Leibniz rule and such that d 2 = 0. In that context a metric is 'quantum symmetric' if ∧(g) = 0 for the wedge product of Ω. The other is specific to graphs and we will say that g is edge-symmetric if (2.1) g x→y = g y→x (in principle the 'square length' associated to an edge could depend on the direction of travel, we assume it does not). Although not part of the general theory, we will see that this variant works better when we apply it to the line graph.
Next we want a Riemannian connection
where classically the left hand copy of the output would contract against a vector field to give a covariant derivative Ω
1
→ Ω 1 (but we do not need these themseleves). ∇ should obey a pair of Leibniz rules, the one for ∇(f ω) is the usual one and the one for ∇(ωf ) requires the existence of a bimodule map σ ∶ Ω
1 called the 'generalised braiding' c.f. [11, 21] . This is then used to extend the acton of ∇ to a connection on Ω 1 ⊗ A Ω 1 which then allows us to write down metric compatibility as ∇g = 0. For ∇ to be torsion free similarly makes sense abstractly, as the condition ∧∇ = d. When both of these hold, we have a 'quantum Levi-Civita connection' or QLC. We omit all the details in favour of the following result for graph calculi (and other 'inner' ones) that every connection has the form[17, Thm 2.1]
where in the graph case θ = ∑ x→y ω x→y and where α ∶ Ω
→ Ω 1 ⊗ A Ω 1 and σ are bimodule map (they commute with products by functions from either side). In this case vanishing torsion and metric compatibility respectively becomes [17] (2.2)
In the graph case we are often forced to have α = 0, in which case we are just solving for σ.
For every connection we have a Riemannian curvature
Ricci requires more data and the current state of the art (but probably not the only way) is to introduce a lifting map i ∶ Ω
2
→ Ω
1

⊗Ω
1 . Applying this to the left output of R ∇ we are then free to 'contract' by using the metric and inverse metric ( , ) to define
The Ricci scalar is then S = ( , )Ricci ∈ A. More canonically, we have a geometric quantum Laplacian ∆ = ( , )∇d ∶ A → A defined again along lines that generalise the classical concept to any algebra with differential structure, metric and connection.
For physics we work over C with A a * -algebra, which in our case of C(X) is by pointwise complex conjugation. We want this to be compatible with Ω 1 which in our case amounts to ω * x→y = −ω y→x and then implies that d commutes with * . We also want to the metric to be compatible with * in the sense g † = g (where † means to apply * to each factor and flip the two factors), which in our case amounts to g x→y real. An edge will be called timelike if this is positive, its interpretation being the square of the edge length under the metric. Finally, we want the connection to be * -preserving which in the case of interest comes down to
QLCs for metrics on Z
The conditions for a QLC depend on how Ω 2 is defined, but for graph calculi there is a canonical choice of this in the case when X is a group and the graph a Cayley graph generated by right translation by a set of generators. Here the edges are of the form x → xi where i is from the generating set and the product is the group product. In this case there is a natural basis of left-invariant 1-forms e a = ∑ x→xa ω x→xa . These obey the simple rules
defined by the right translation operators R a as stated. In this case Ω is canonically generated by the e a with certain 'braided-anticommutation relations' cf. [24] . In the case of an Abelian group (which is all we will need) this is just the usual Grassmann algebra on the e a , i.e. they anticommute. Now let X = Z with generators {+1, −1}. Then the Cayley graph is the integer line
with e ± f = R ± (f )e ± , df = (∂ ± f )e ± where ∂ ± = R ± − id and R ± (f )(i) = f (i ± 1). The exterior algebra has e ± anticommuting and e * + = −e − . For the QLC we use [17] and are forced to have the map α(e ± ) = 0. We fix this from now and will use α for other purposes. The most general form of braiding bimodule map σ obeying the torsion free condition (2.2) is forced to be of the form σ(e + ⊗ e + ) = αe + ⊗ e + , σ(e − ⊗ e − ) = βe − ⊗ e − σ(e + ⊗ e − ) = (γ + 1)e − ⊗ e + + γe + ⊗ e − , σ(e − ⊗ e + ) = δe − ⊗ e + + (δ + 1)e + ⊗ e − where α, β, γ, δ are functional coefficients. The 'inner' element θ = e + + e − so the corresponding connection ∇e ± = (e + + e − ) ⊗ e ± − σ θ (e ± ) has
To be * -preserving we need (2.4) which comes out as
To be metric compatible, we need (2.3) with α = 0, still to be analysed.
3.1.
QLCs in the quantum-symmetric case. The general form of real quantumsymmetric metric is
where a i ∶= a(i) are real and non-zero. To have a fixed signature we assume they are all > 0. Note that g i→i+1 = a i = g i→i−1 so the above quantum-symmetric metric is not quite edge-symmetric unless a is constant. The inverse metric is (e ± , e ± ) = 0, (e + , e
Writing out (2.3) and matching the coefficients in the triple tensor product basis, we obtain six equations
Using the second set, and writing ρ = R + a a, we write two of the first line as
(which are the 'cotorsion equations' in the general theory in [17] ). The other two equations in that line can be written as
so that there are only two free functions α, β. Putting the form of δ, γ into the cotorsion equations gives these as
as recursion equations which we use to solve the system given ρ and initial conditions. We then define δ, γ by (3.3) and need to verify if (3.2) then hold. Thus, a QLC may not always exist if the last step fails for all choices of initial conditions on α, β.
We apply the above to the example of ρ = c a non-zero constant, so a(i) = c i a(0) grows or decays exponentially. Then there are two solutions for QLCs:
given as solutions for the generalised braiding σ. Of these, there is a unique * -preserving QLC namely q = c −1 in case (i) and q = c in case (ii), giving in both cases α = c, β = 1 c and γ = δ = 0. This has (3.5)
with zero curvature. So the constant ρ case leads to a unique connection and it is flat.
For a generic quantum symmetric metric, however, (3.2) will not hold and we will not have a QLC. In this case, we can work with the much larger moduli of cotorsionfree * -preserving connections or with metric compatible * -preserving connections with torsion. Or, there is a nice alternative in our case of a graph calculus, which we look at next.
3.2.
QLCs in the edge-symmetric case. Given the paucity of solutions in the preceding section, we now look at the case where g is not assumed quantum symmetric but instead edge-symmetric, and repeat the above steps. In this case we need g = ae + ⊗ e − + R − ae − ⊗ e + = ae + ⊗ e − + e − a ⊗ e + arranged so that a(i) = g i→i+1 = (R − a)(i + 1) = g i+1→i at all i as the most general form of edge-symmetric metric, for any real non-zero function a. The inverse metric is (e ± , e ± ) = 0, (e + , e − ) = 1 a , (e − , e + ) = 1 R − a .
In this case similar computations for the basis coefficients in the tensor power give metric compatibility (2.3) as
Taken together, these are equivalent to
Now if α(i) = ρ(i) at some i then by iterating the first of (3.7), we will be forced into the following case
with general solution
where q is a free parameter. Similarly, if β(i + 1) = 1 ρ(i − 1) at some i then we will be forced into
where again q is a free parameter. These are the only possibilities since by 2nd of (3.6) at any i = 0 (say) we must be in one case or the other.
Among the above solutions (i) and (ii), the * -preserving condition (3.1) forces them both to be the same solution
(setting q = 1 ρ(−2) in the first solution or q = ρ(0) in the second). For constant ρ we get the same connection (3.5) as before but now we have a unique * -preserving QLC for any general edge-symmetric metric. The connection and curvature for this are
where Vol = e + ∧ e − is the top form and
This edge-symmetric metric case seems much more reasonable in light of the unique * -preserving QLC. We proceed exclusively in this case.
Ricci scalar and Einstein-Hilbert action for edge-symmetric metrics.
For the connection in Section 3.2, the Ricci tensor is defined by the contraction
A Ω 1 which for our Grassmann exterior algebra case has the canonical choice i(Vol) = 1 2 (e + ⊗ e − − e − ⊗ e + ). This gives
and Ricci scalar (3.10)
Note that the contraction conventions and the half from i mean that our Ricci is -1/2 of the usual Ricci in the classical limit and more standard conventions.
As a measure we take µ = a (in the commutative case this would be − det(g) for our form of metric) and discard the total divergence up to a constant (assuming ρ rapidly approaches constant values at large i). Then
where the −2 compensates for our Ricci convention and we added a further total divergence ∂ + (ρR − ρ) to get the symmetric form. The first form resembles some kind of 'Dirac operator' on the relative metric variation function ρ. The second form is the action for the usual discrete Laplacian
for a scalar field on Z.
Our interpretation, however, is different as the field is the metric a not the relative ratios ρ (which play a role as a kind of 'derivative'). For the functional integral, in order not to be completely formal, we limit ourselves to configurations which vary only in a finite subset, say a 0 , ⋯, a n so that a(i) = a i and ρ(i) = ρ i are sequences of the form a = (. . . , a 0 , a 0 , a 0 , a 1 , a 2 , ⋯, a n , a n , a n , ⋯), ρ = (. . . , 1, 1,
or conversely given ρ 0 , ⋯, ρ n−1 and fixed a 0 = q say (be concrete, it plays a role like constant of integration) the corresponding a 1 , ⋯, a n are
.. a n = qρ 0 ⋯ρ n−1 .
Note that we are fixing just the values for large negative i up to and including a 0 and allowing the values for large positive i to float as the last value a n . If one fixed the latter to also to be q (say) then our equivalent description would need one more variable ρ n with the constraint ρ 0 ⋯ρ n = 1 which is harder to analyse and does not seem more physical. Dropping any constants in S g , we have
where in the last line we shifted to the relative metric differentials
and dropped a constant term. We work with this quadratic action in practice, with the underlying bilinear form B n given by the Cartan matrix of the Lie algebra su n+1 . This and its eigenvalues λ j from [10] are
For the functional integral we still need to choose a measure on the field space and this depends on what we consider our primary variables. If as usual we take the metric coefficients a then we need the Jacobean for the change a 1 , ⋯, a n to ρ 0 , ⋯, ρ n−1 ,
1 ⋯ρ n−1 = a 0 a 1 ⋯a n . with the range (0, ∞) for the ρ i if all the a i are in this range. The partition function with measure da 1 ⋯da n becomes in the new variables
where we have inserted a dimensionless coupling constant G, the ρ i also being dimensionless. If, on the other hand, we consider the ρ as the primary fields then we can omit the ρ powers in the measure.
For example, Z without the ρ i factors converges to Fresnel C and S functions of G in the simplest case n = 1. We do this with the r i variables (which means dropping a constant phase in Z) then for n = 1,
Gπ 4
for large G and twice the same asymptotic form in the other limit G → 0. For n = 2 we do not have a closed form but one can show similarly that for n = 2,
3 for large G and again tending to zero for small G. In both cases, if we only integrate r i from zero then the results would be simpler with the large G asymptotic form now applying exactly for all G. The integrals with powers of ρ i generally do not converge and would need more care to make sense of. We will look at this in detail in the simpler case of the scalar field in the next section, and come back to the quantum gravity theory elsewhere; one would need more insight as to the correct measure and range of integration.
Scalar fields on constant and curved edge-symmetric backgrounds
Also associated to the quantum Riemannian geometry in Section 3.2 is a geometric Laplacian ∆ = ( , )∇d which comes out as
where ∆ Z is the usual discrete Laplacian or double-differential on Z as in (3.11).
With the same measure µ = a as before, we have action
where φ i = φ(i). Here the metric coefficient a i = a(i) has inverse mass-square dimension and effectively scales the mass term, while the metric ratio 'difference' ρ comes into the kinetic term. We take ∆ 2 in the action (not −∆) in order to have a time-like (positive sign) double differential for the wave equation in the constant metric continuum limit and the standard normalisation.
4.1. Scalar fields with constant metrics. For a constant metric ρ = 1 and we reduce to the standard discrete wave equation and action
on a 1D lattice. We study this case for reference (it can be treated in several wellknown ways). In fact, the analysis for the quantum theory is identical to that for ρ in the preceding section but now φ is not limited to positive real values. For example, if we consider compact support then
then the action reduces to
where B n is the su n+1 Cartan matrix. Then
Here β is a dimensionless coupling constant since our model is more like a 2D model with the scalar field dimensionless, and the functional integral only makes sense after perturbation of B n by ıǫ, ǫ > 0, to give the result shown with
The correlation functions, defined in the same way but with products of fields in the integrand and divided by Z are, for n = 2
.
For real scalar fields there is a similar story since B n can be taken with real eigenvectors. Then after diagnolising, each integration gives us the square root of an eigenvalue and hence the square root of the previous Z up to a possibly fractional power of i. For example, if am 2 << 1 then the theory with real φ 0 , ⋯, φ n has partition function
This assumes that am 2 is not an actual eigenvalue of B n otherwise D n as its characteristic polynomial vanishes. For n = 2 the correlators are then −1 2 of the previousφφ case. For n = 3, ⟨φ
, ⟨φ
The general pattern in the φ 0 , ⋯, φ n−1 theory for correlation functions appears to be
This has been verified for all small n (rather than writing out a formal proof). We now consider the limit n → ∞ and to do this we note that D i can be summed and the resulting expression makes sense for all i including non-integer and negative values. We analyse this in two cases. 
which has a limit i + 1 as am 2 → 0 and hence x → 0 (the continuum limit). One can check that D i obeys the original scalar field wave equation on Z,
and from this one can show that Green function, defined as ı times the 2-point correlation function, inverts the wave operator,
Here the i ≠ j case follows from the wave equation for one or other of the numerator D factors, but at i = j we have due to the normal ordering and the wave equation,
We also note that the correlation function in the limit where x → 0 between a field near the boundary (such as φ 0 at the left one) and fields 'in the bulk' (meaning at a fixed fraction of n as n → ∞) are finite in this limit. For example − 1 a multiple of d) . This decreases as we move through more and more of the bulk eventually to ⟨φ 0 φ n−1 ⟩ → 0 for the correlation from near one boundary to the other. By contrast, the correlators diverges between two fields in the bulk for example
sin(x) → ı∞ in the same double limit.
(ii) Discrete phase am 2 > 4. In this case we let y > 0 be defined by either of
One then finds similarly that
as before, which had to happen since we recover at integer values the same D n as in (4.1). We similarly have (4.2) again since
This time all correlators are finite as n → ∞. Indeed, for large i we have
For example, at the midpoint when n is odd and n → ∞,
Note that the physics of this phase of the theory is less clear since the eigenvalues of B n from (3.12) are bounded by 4 so the classical theory restricted to φ 0 , ⋯, φ n−1 has no solutions to the wave equation for am 2 > 4 (there are no on-shell particles).
However, the functional integrals still make sense as above.
Plane waves.
We continue with the constant metric in the continuum phase where am 2 < 4. Here classical real plane wave solutions of the Klein-Gordon equa-
where Z is considered as the time direction sampled at times t j = j √ a (as a 1 + 0-dimensional scalar field theory) and
Comparing with our previous sin Here m, m 0 are continuous; if we restrict to modes with support i = 0, ⋯, n − 1 then we have noted (3.12) that the eigenvalues are similar but with m 0 quantised. Namely the real plane waves that vanish at i = −1, n have a basis
).
These can be viewed as particular solutions on Z as in (4.3) with α = ıe ) is the free particle Hamiltonian. The vacuum state has A 0⟩ = 0 and n⟩ ∝ A †n 0⟩ is the n-particle state (normalised to unit norm). Then the correlation functions from this approach are the time ordered products
where T denotes to put fields at earlier times to the left. Hence
so for all i, j. Compared to our functional integral computation, if we had D i ∝ e ıx(i+1) as a complex solution of the discrete wave equation instead of its imaginary part ı sin(x(i+1)) then the correlation would have been exactly this ⟨φ i φ j ⟩ = e ıx i−j . Hence our previous functional integral calculations are seeing just the imaginary part of the correlator for the full theory. This is simply a reflection of the boundary conditions φ(−1) = φ(n) = 0 imposed in the restricted functional integration whereby φ (k) were a basis of eigenvectors of B n underlying the Gaussian integration, i.e. losing the cosine modes. For the full functional integration on Z one would need to consider the full solutions (4.3) as a basis for diagonalisation of the underlying bilinear form, with mass parameter now a continuous variable labelling the eigenvectors (more precisely, with x = m 0 √ a only relevant mod 2π, i.e. a circle for the energy-momentum).
4.3.
Hawking effect on curved background metrics. After our warm up with scalar field theory on a restricted constant-metric lattice line, we now consider a general metric and the unrestricted scalar field theory over Z. The general scalar wave equation
in the explicit form, and we rewrite the latter as
for coefficients c i determined by the metric. Next, as in Section 3.3, we suppose that the metric lengths a i = a are constant for i ≤ 0 and that ρ i = 1 for i outside the range 0, ⋯, n − 1. The constant metric at later times is then a i = aρ 0 ⋯ρ n−1 = b, say, for all i ≥ n. In this case
Now consider for negative i a real plane wave of mass m of the form
as in (4.3) except that we have chosen a certain normalisation, which will be justified later. Here α is a free complex parameter and x = m 0 √ a > 0 is such that 4 sin 2 (x 2) = am 2 as explained in Section 4.2. This clearly solves the wave equation for constant metric a up to and including
We then continue to evolve φ i through the finite number of steps to φ n−1 according (4.5), from the form of which we see that φ 1 is still governed by the initial wave equation, so
+ᾱq , while φ 2 starts to depart according to the value of c 1 . Similarly c n affects φ n+1 while φ i , i ≥ n + 2 obey the constant plane wave equation
with initial values determined by φ n+1 and its preceding φ n . Thus, similarly setting y > 0 such that 4 sin 2 (y 2) = bm 2 for a plane wave still of mass m but for metric value b, we match φ i for i ≥ n to an outgoing wave of the form
= φ n ; p = e ıy so that the matching is solved by
for some coefficients f, g ∈ C that depend on the preceding metric values.
Note that φ in separately evolves to all positive i as a complex solution of (4.5) and φ out similarly evolves backwards to all smaller and negative i as another complex solution. Then the above matching is equivalent to the Bogoliubov transformation
from another point of view, with
as the appropriate form of unitarity. Thus any solution φ of the wave equation can be expressed uniquely in terms of φ in with complex parameter α or uniquely in terms of φ out with complex parameter β, the two parameterisations being related as stated. It remains to justify the normalisations of the in and out plane waves. Normally, this is done by means of a sesquilinear inner product so that (φ in , φ in ) = 1 = −(φ in ,φ in ) and (φ in ,φ in ) = 0 and the same for φ out , where ( , ) is defined by a current that is conserved during evolution. This then ensures the unitarity condition (4.6). In our case we do not yet have an understanding of conserved charges in noncommutative geometry and instead our approach is to scale the plane waves as shown so as to ensure (4.6) directly. This fixes the normalisation uniquely up to an overall scale as we shall see next.
We will prove this unitarity inductively on n, starting with the n = 1 case of the metric having a single step from a i = a for i ≤ 0 to a i = b for i ≥ 1, i.e. n = 1 and
Then matching to an incoming plane wave with parameter α for negative i we have
and for i ≥ 3 we have the outgoing wave equation
following the procedure laid out above, we match the solution to an outgoing wave with parameter β at i ≥ 1, requiring 1
and solved by
We read off f, g from this and can readily check that f 2 − g 2 = 1 provided the relative normalisation between the two waves is as stated. Since each plane wave has to be normalised independently, this fixes the normalisation used up to an overall constant. Note that when b = a, the stated expression collapses to β = q −2 α (noting that γ = q + q −1 and p = q in this case), which given the two steps difference in starting point amounts to the in and out waves coinciding in that case. Now consider what happens in the general case n ≥ 2. Suppose as a virtual exercise that the metric is changed for some 0 < k < n to have a constant value a k = b ′ for all a i , i ≥ k and that the above matching procedure for the solution φ ′ results in out coefficient β 
can also be seen as matching φ to a plane wave with input coefficient β ′ at i = k + 1 (instead of i = 0 in our previous discussion). We then continue to evolve φ with the correct metric to i = n where we match as above to the true outgoing plane wave with coefficient β. Again by the inductive hypothesis, we have β =f ′′ β ′ + g ′′β′ for some Bogoliubov coefficients with f 
One can also write the transformations here in matrix form with determinant 1. The above analysis further tells us that the transformation from α at i = 0 to β at i = n is an ordered product of n 1-step transformations, i.e. some kind of holonomy of a discrete connection built from the metric (this would require a suitable formulation to elaborate further).
Next, in view of our comments on the Hamiltonian quantisation for a free particle, we take for the quantum version a field
so that Φ(i) has the plane wave form as in (4.4) for i ≤ 1 but with a normalisation factor 1 sin(x). We consider that A † creates φ in from the associated vacuum 0 in⟩. However, from our later point of view we can write
where [B, B † ] = 1 is another quantum harmonic oscillator. This has a similar form as our quantum free field for i ≥ n, namely
There is a vacuum 0 out⟩ and
). Similarly matching the two descriptions will need B =f A+gA † with the same Bogoliubov coefficients as before. This is compatible with the commutation relations for A, B precisely because of the unitarity condition (4.6). Moreover, the initial vacuum state 0 in⟩ from the point of view of the later time has occupancy number
by the defining properties of 0 in⟩ and the [A,
For our single step n = 1 example, we have (4.8)
and hence the initial vacuum state from the point of view of the later time has occupancy number
which one can check vanishes when a = b. If we let ρ = b a for the fractional change in the metric at the step then
where ρ reflects the curvature at the step and a is the initial metric square length and the mass m determines the input wave frequency. For reference, the Ricci scalar curvature for a step jump in the metric, from (3.10), is (4.9)
and zero elsewhere. For ρ > 1 this oscillates in the pattern ...0 − + − 0..., although the reader should recall that our definition of Ricci scalar is −1 2 of the usual one in the continuum limit. We see that in the continuum limit of our calculation, 2 is necessarily independent of the frequency or mass of the input wave as a, m 2 always enter together as am 2 , which is being set to zero. Meanwhile in this limit, the jump in the metric becomes a discontinuity and the curvature diverges at the point of discontinuity. Note that we need am 2 < 4 and am 2 ρ < 4 for both our input and output waves to be treated in the continuum phase of the discrete theory. The continuum limit of (4.5) is a time-dependent harmonic oscillator of the form φ + c(t)m 2 φ = 0, as studied in [13] , and our analysis indicates a Hawking effect here as a remnant of the non-commutative curvature at least when c(t) has a step discontinuity.
The calculation for a 'bump function' metric is very similar and starts off the same. Here we set metric square-length a i to be a for i ≤ 0 as before, a 1 = b and back to a for i ≥ 2. Hence ρ 0 = b a = ρ as above and ρ 1 = a b = 1 ρ, all others are 1. Moreover,
Then φ 0 , φ 1 are just the same as before, defined by α, and φ 2 is also the same as before. The difference is
(β +β) for the origin of an outgoing wave, and φ 2 with one step before, we have
In fact the outgoing wave in the present example has the same frequency-mass parameter x as the incoming one so could have omitted the normalisation factors. Hence
for small am 2 , which vanishes as a → 0 even if we also send ρ → ∞ in order to have a 'delta-function' spike in the metric. Hence this would appear to be a purely 'quantum geometry' effect (which in turn could be a quantum gravity effect presumably with √ a ∼ λ P , the Planck scale). For reference, the Ricci scalar comes out as
which has an infinite spike in S(1) = S(2) as ρ → ∞ with a fixed.
The calculation for a general 2-step metric values a i≤0 = a, a 1 = aρ 0 , a i≥2 = aρ 0 ρ 1 = b is very similar but with a much more complicated result, which we omit. Its continuum limit a → 0, however, has occupation number exactly as in (4.10) for a single step but with ρ = ρ 0 ρ 1 = b a, i.e. the ratio of the initial and final metrics and independent of the middle value. This is also true for the general case of n steps with ρ = ρ 0 ⋯ρ n−1 . This is because the continuum limit a → 0 of the Bogoliubov transformation for a single step a to aρ = b is . Armed with this result, we can now send n → ∞ (so as to have a macroscopic extent of the variation region) while sending a → 0 and ρ i → 1 (so as to avoid a discontinuity in the metric). Depending on how the joint limits are taken, it would appear that the Hawking effect in the continuum will then depend only on the overall factor ρ by which the metric changes over the period of variation, and not on it shape, and still be given by (4.10). Indeed, it would appear that both the Ricci curvature and Hawking effect have continuum limit remnants as part of our new point of view on the time-dependent harmonic oscillator.
Concluding remarks
The first and most striking conclusion is that the integer lattice admits a full moduli of quantum Riemannian geometries defined by 'square lengths' attached to the edges and most of them having curvature for the uniquely associated QLC. Key to this was to modify a previous 'quantum symmetry' condition in favour of an 'edge-symmetric' condition, which had also proven useful to impose in the only other known full moduli graph example [19] . This suggests that this edge-symmetric condition should be adopted for any graph. Having such an understanding of the lattice line should have many applications. We have applied it as 'time' in a quantum/gravity context but one could equally well apply it for example to develop the geometry of long-chain molecules, spin-chains or other applications completely different from theoretical physics.
Next, for gravity, we found remarkably that there was a natural Einstein-Hilbert action which was based on the standard double difference wave operator, but the field that is relevant is not the metric itself but its positive-valued 'relative variation' ρ (where a constant metric corresponds to ρ = 1), i.e. an exponential of the metric derivative. This relative approach was also useful in [19] . We conclude that 1 + 0 dimensional quantum gravity could be viable in these variables but the integrals, albeit polynomials with Gaussian action, are unusual due to the values of the fields and would need more study.
For 1 + 0-dimensional quantum scalar field theory in a functional integral approach, we conclude that, not surprisingly for a free theory, everything can be computed at least if we restrict to n modes φ 0 , ⋯, φ n−1 but what one obtains is the imaginary part of the unrestricted theory due to the φ −1 = φ n = 0 boundary conditions. What was more surprising and which we have not seen elsewhere was a nice formula for the 2-point correlation function in the n-mode theory in terms of partition functions in the k-mode theory for k ≤ n. This work was, however, intended as warm-up for the curved background theory. The latter we looked at mainly at the classical field theory level (the wave equation for the quantum-geometric ∇ defined by the QLC) but assuming a Hamiltonian quantisation of the in and out waves and normalising them appropriately. We made a first calculation of Hawking-type effects for the 1+0 field theory with discrete curved background (or discrete time dependent harmonic oscillator). The method works for any metric in the region of variation (after solving the discrete wave equation through this region) and while the spectrum is not thermal radiation (and was unlikely to be in the absence of any space), these calculations suggest that the effect should be interesting to compute on more general curved quantum geometry backgrounds. We also saw the need for an understanding of conserved currents in quantum geometry if one wants a geometric picture behind the in and out plane wave normalisations. Finally, both the Ricci curvature and the Hawking effect appear to have remnants in the continuum in our view of the classical time-dependent harmonic oscillator as field theory on 'curved time' with a variable metric. This may then lead to a new, gravitational, interpretation of the Lewis-Reisenfeld invariant [14] . These are some suggested directions for further work.
